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$\iota$ $X$ hermitian vector bundle $X$ vector bundle $E$
$X(\mathbb{C})$ $E(\mathbb{C})$ $\iota$- smooth hermitian metric $h$ $\overline{E}=(E, h)$
$A^{\mathrm{p},p}(X)=$ { $\omega$;real smooth $(p,p)$-form on $X(\mathbb{C})$ such that $\iota^{*}\omega=(-1)^{p}\omega$ }
$\overline{\mathcal{A}}(X)=\oplus_{p}A^{p,p}(X)/({\rm Im}\partial+{\rm Im}\overline{\partial})$ $X$ $K_{0}$ $\hat{K}_{0}(X)$
$X$ her tian vector bundle $\overline{E}$ $\omega\in\overline{A}(X)$ $(\overline{E}, \omega)$
hermitian vector bundle short exact sequence $\epsilon$ : $0arrow\overline{E’}arrow\overline{E}arrow\overline{E’’}arrow 0$
$(\overline{E’}, \omega’)+(\overline{E"}, \omega’’)=(\overline{E}, \omega’+\omega’’+\tilde{\mathrm{c}1}1(\epsilon))$ .
hermitiatt vector bundle $\mathrm{I}[\mathrm{B}\mathrm{i}$ exact $\mathrm{A}$ metric
vector bruxdle exact $\tilde{\mathrm{c}\mathrm{h}}(\epsilon)$ $\epsilon$
Bott-Chern secondary characteristic class $\text{ }$ $K_{0}$
exact sequence
$K_{1}(X)arrow\tilde{\mathcal{A}}(X)arrow\hat{K}_{0}(X)arrow K_{0}(X)arrow 0$.
$\tilde{\mathcal{A}}(X)$ $X$ Deligne $\oplus_{p}H_{\mathcal{D}}^{2p-1}(X,\mathbb{R}(p))$
$.K_{1}(X)$ regtdator
$K_{0}$ Bott-Chern secondary characteristic class
vector bundle Grothendieck




$[3, 6]$ $X$ $K$ Deligne regulator
$\rho$
$X$ regulator
$K$ long exact sequence




Burgos Wallg higher Bott-Chern form [
$KM_{n}(X)$




$KM_{n}(X)$ $K_{n}(X)$ $K_{n+1}(X)$ regulator
cokernel
1. $\mathrm{H}1\mathrm{G}\mathrm{H}\mathrm{F}_{\lrcorner}\mathrm{R}$ BOTT-CHERN FORMS
$M$ $M$ $K$
Deli $\mathrm{e}$ re lator
$\rho:K_{n}(M)arrow H_{\mathrm{D}}^{2p-n}(M;\mathbb{R}(p))$
$L$ Beffinson
[ Burgos Wang higher Bott-Chern
form [2]
exact cube $\mathfrak{U}$ small exact category zero object
$\mathfrak{U}$
$n$-cube 3 $<-1,0,1>$ $n$
$\mathfrak{U}$ [ $n$-cube $F$ $(\alpha_{1}, \cdots, \alpha_{n})\in<-1,0,1>^{n}$




$F_{\alpha_{1},\cdots,\alpha_{j-1},-1,\alpha_{i_{1\mathrm{I}}}\cdots\alpha_{n-1}}arrow \mathcal{F}_{\alpha_{1\prime}\alpha_{i-1},0,\alpha\alpha_{n-1}},\cdots:’\ldots’arrow F_{\alpha_{1}\cdot,\alpha 1,\alpha_{i},\cdots,\alpha_{n-1}\prime\cdot\cdot:-1\prime}$
$F$ edge $F$ edge short exact sequence $F$
exact $\mathrm{A}$ exact 0-cube [ $\mathfrak{U}$ object exact 1-cube







$1\leq i\leq n$ $-1\leq j\leq 1$ ( $(n-1)$-cube $\partial^{j}\dot{.}F$
$(\partial^{j}\dot{.}\mathcal{F})_{\alpha_{1\prime}\cdots,\alpha_{n-1}}=F_{\alpha_{1\prime\prime}\alpha:-1j,\alpha_{*\prime}\alpha_{n-1}}\ldots,\cdot,\ldots$
$\mathcal{F}$ face exact $n$-cube
degenerate cube (exact $(n-1)$-cube exact
$n$-cube) $\overline{\mathbb{Z}}C_{n}\mathfrak{U}$ Face $\partial_{i}^{j}$
. . . $arrow\tilde{\mathbb{Z}}C_{n}\mathfrak{U}arrow\tilde{\mathbb{Z}}C_{n-1}\mathfrak{U}\partialarrow\cdotsarrow\tilde{\mathbb{Z}}C_{0}\mathfrak{U}$
Waldhausen $S$- $[8]_{\text{ }}[n]$ $\{0, 1, \cdots, n\}$
$\mathrm{A}\mathrm{r}[\mathrm{r}\mathrm{z}]$ Ar $[n]$ $\mathfrak{U}$ $E$ $E(i\leq j)=E_{i_{l}j}$
$S_{n}\mathfrak{U}$ T $E$ :Ar[n]\rightarrow U
(1) $E_{*:}.,=0$ .
(2) $i\leq j\leq k$ [ $E_{i,j}arrow E_{i,k}arrow E_{j,k}$ [ $\mathfrak{U}$ short exact sequence
$S_{0}\mathfrak{U}$ ( fixed zero object $S_{1}\mathfrak{U}$ [ $\mathfrak{U}$ object $S_{2}\mathfrak{U}$
$\mathfrak{U}$ short exact sequence $S\mathfrak{U}$ : $[n]\mapsto S_{n}\mathfrak{U}$ simplicial
set $S_{0}\mathfrak{U}=\{0\}$ $S\mathfrak{U}$ $\mathfrak{U}$ $K$
$\pi_{n+1}(S\mathfrak{U}, 0)\simeq K_{n}(\mathfrak{U})$
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Burgos $\mathrm{W}\mathrm{a}1$ $S$- exact cubes
Cub : $\mathbb{Z}S_{*}\mathfrak{U}arrow\tilde{\mathbb{Z}}C_{*}(\mathfrak{U})[1]$
[1] 1
$\mathbb{Q}$ quasi-isomorphism McCarthy [5]
$\mathfrak{U}$ $K$ exact cube
$K_{n}(\mathfrak{U})=\pi_{n+1}(S\mathfrak{U}, 0)\tau 4rarrow H_{n+1}(\mathrm{e}vi\mathrm{c}z\mathbb{Z}S_{*}\mathfrak{U})arrow H_{n}(H\mathrm{C}\mathrm{u}\mathrm{b}\tilde{\mathbb{Z}}C_{*}(\mathfrak{U}))$
$\mathbb{Q}$
Deligne [1]
$M$ $\epsilon_{\mathbb{R}}^{p}(M)$ smooth $p$ $\epsilon^{p,q}(M)$
type(p, $q$ )
$\mathcal{D}^{n}(M,p)=\{$





d : $\mathcal{D}^{n}(M,p)arrow \mathcal{D}^{n+1}(M,p)$
$d_{D},(\omega)=\{\begin{array}{l}-\pi(d\omega)-2\partial\overline{\partial}\omega 0\end{array}$ $n=2p-1n<2p-1n>2p-1’,$
,
$\pi$ : $\mathcal{E}_{\mathbb{R}}^{n}(M)\otimes \mathbb{C}arrow \mathcal{D}^{n}(M,p)$ ($p$ , q)-
$(\mathcal{D}^{*}(M,p)$ , d ) $M$
Deligne
$H^{n}(\mathcal{D}^{*}(M,p),$ $d_{\mathfrak{D}})\simeq H_{\mathcal{D}}^{n}(M,\mathbb{R}(p))$
higher Bott-Chern form $M$ hermitian vector
brmdle exact cube $M$ exact hermitian cube
92
$M$ exact hermitian $n$-cube $F$ Bott-Chern form
$M$
$\mathrm{c}\mathrm{h}_{n}(F)=\frac{1}{(2\pi\sqrt{-1})^{n}}\int_{(\mathrm{P}^{1})^{n}}\mathrm{c}\mathrm{h}_{0}(\mathrm{t}\mathrm{r}_{n}(\lambda F))\Lambda T_{n}$.
$\mathrm{t}\mathrm{r}_{n}(\lambda F)$ exact hermitian $n$-cube $\mathcal{F}$
$M\mathrm{x}(\mathrm{P}^{1})^{n}$ hermitian vector bundle. $\mathrm{c}\mathrm{h}_{0}$ hermitian vector
bundle Chern-Weil $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}_{\text{ }}T_{n}$ [ $(\mathrm{P}^{1})^{n}$ logarithmic pole
[2] $n=1$ exact hermitian 1-cube $\mathcal{F}$
Bott-Chern form $\mathrm{c}\mathrm{h}_{1}(F)$ modulo ${\rm Im}\partial+{\rm Im}\overline{\partial}$ $F$ Bott-Chern
secondary characteristic class





$K_{n}(M)=\pi_{n+1}(\hat{S}(M), 0)arrow H_{n+1}(\mathbb{Z}\hat{S}_{*}(M))Hurewiczarrow \mathrm{c}\mathrm{h}\oplus_{p}H_{\mathcal{D}}^{2p-n}(M, \mathbb{R}(p))$
$M$ regulator Burgos-Wattg
[2]
2. MODIFIED HOMOTOPY GROUPS
$K$
$T$ $\mathrm{C}\mathrm{W}$ $*$ $\mathrm{s}\mathrm{k}_{n}(T)$ $T$ $n$ skeleton sk-1 $(T)=$
$\{*\}$ 0 $n$ $C_{n}(T)$ $(\mathrm{s}\mathrm{k}_{n}(T), \mathrm{s}\mathrm{k}_{n-1}(T))$
$C_{n}(T)$ $T$ $n$
. $..arrow C_{n}(T)arrow C_{n-1}(T)\partialarrow\cdotsarrow C_{0}(T)$
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$T$ $T$
$\mathrm{C}\mathrm{W}$ $T$ $(W_{*}, \partial)$ $\rho:C_{*}(T)arrow$
$W_{*}$ $\overline{W}_{n}=W_{n}/{\rm Im}$ $f$ : $S^{n}arrow$
$T$ $\omega\in\overline{W}_{n+1}$ , $\omega$ )
$I$ $[0, 1]$ , $\omega$) ’, $\omega’$ )
$H:(S^{n}\mathrm{x}I)/(\{*\}\cross I)arrow T$
(1) $H(x, \mathrm{O})=f(x)$ $H(x, 1)=f’(x)$ $H$ [ $f$ $f’$




$\mathrm{C}\mathrm{W}$ $T\vee T$ $S^{n}$ $\mu$ : $S^{n}arrow S^{n}\vee S^{n}$
$S^{n}$ $\nu$ : $S^{n}arrow S^{n}$ $S^{n}$
$f,$ $g:S^{n}arrow T$ $f\cdot g$
$f^{-1}$
$f\cdot g$ : $S^{n}\muarrow S^{n}\vee S^{n}arrow Tf\vee g\vee Tarrow T$,
$f^{-1}$ : $S^{n}arrow S^{n}arrow T\nu f$.
$(f,\omega)\cdot(g,\tau)---(f\cdot g,\omega+\tau)$ ,
$(f,\omega)^{-1}=(f^{-1}, -\omega)$ .




3 $f,$ $g,$ $h:S^{n}arrow T$ $\omega,$ $\tau,$ $\eta\in\overline{W}_{n+1}$
$((f, \omega)\cdot(g, \tau))\cdot(h,\eta)=((f\cdot g)\cdot h,\omega+\tau+\eta)$
$(f,\omega)\cdot((g, \tau)\cdot(h, \eta))=(f\cdot(g\cdot h),\omega+\tau+\eta)$
[ 4‘ $(f\cdot g)\cdot h$ $f\cdot(g\cdot h)$






$S^{n}\vee S^{n}\vee S^{n}$ $T$
. $(f\cdot g)\cdot h$ $f\cdot(g\cdot h)$ ^ $H$ : $(S^{n}\mathrm{x}I)/(\{*\}\mathrm{x}I)arrow T$
$S^{n}\vee S^{n}\vee S^{n}$ $n$ $T$ $n$
skeleton $sk_{n}(T)$ $H_{*}([S^{n}\cross I])=0$




( $n$-th homotopy group of $T$ modffied by $\rho$) a $(T, \rho)$ [ $S^{n}$
$T$ $\rho Ff_{*}([S^{n}\cross I])\in\overline{W}_{n+1}$ $H$
$\overline{W}_{n+1}$
$\rho H_{*}([S^{n}\mathrm{x}I])$
Theorem 2.2. exact sequence
$\pi_{n+1}(T)\overline{\rho}arrow\overline{W}_{n+1}arrow\hat{\pi}_{n}(aT, \rho)arrow\pi_{n}(T)\zetaarrow 0$ .
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damental chain $f$ : $S^{n}arrow T$ $f_{*}([S^{n}])\in C_{n}(T)$
$(f, \omega)$ $\rho(f, \omega)=\rho f_{*}([S^{n}])+\partial\omega\in W_{n}$
$\rho:\hat{\pi}_{n}(T, \rho)arrow W_{n}$
$\mathrm{K}\mathrm{e}\mathrm{r}(\rho)$ $\hat{\pi}_{n}(T, \rho)_{0}$ Thm 22
Corollary 23. lOn9 exact sequence
. . . $arrow\pi_{n+1}(T)arrow H_{n+1}\tilde{\rho}(\zeta W_{*})aarrow\hat{\pi}_{n}(T, \rho)_{0}arrow\zeta$ \pi (T)\rightarrow \rho -. . . .
3. HIGHER ARITHMETIC K-THEORY
$K$ $X$ $\mathbb{Z}$
\S 1 $M$ Bott-Chern form
$\mathrm{c}\mathrm{h}$ : $\mathbb{Z}\hat{S}_{*}(M)\mathrm{C}\mathrm{u}\mathrm{b}arrow\tilde{\mathbb{Z}}\hat{C}_{*}(M)arrow \mathcal{D}_{*}\mathrm{c}\mathrm{h}(M)[1]$
$M$ $X(\mathbb{C})$ L-
$\mathrm{c}\mathrm{h}:\mathbb{Z}\hat{S}_{*}(X)arrow \mathcal{D}_{*}(X)[1]$
$X$ hermitian vector bundle S-
$\iota$- $\mathcal{D}_{*}(X(\mathbb{C}))$ 1
higher Bott-Chern form $\mathbb{Z}\hat{S}_{*}(X)$






form Bott-Chern form t
$\mathrm{c}\mathrm{h}:C_{*}(|\hat{S}(X)|)arrow \mathcal{D}_{*}(X)[1]$
Deflnition 3.1. $X$ $K$ higher Bott-Chem form[
$|\hat{S}(X)|$
$\hat{K}_{n}(X)=\hat{\pi}_{n+1}(|\hat{S}(X)|, \mathrm{c}\mathrm{h})$ .
52 exact sequence Q
Theorem 32. exact s uence
$K_{n+1}(X)arrow\tilde{\mathcal{D}}_{n+1}$ (X)\rightarrow K (X)\rightarrow K (X)\rightarrow 0.




$K_{0}$ $\hat{\pi}_{1}(|\hat{S}(X)|, \mathrm{c}\mathrm{h})$ Thm 32 exact
sequence $n=0$ $K_{0}$ exact sequence
\S 2
$\mathrm{c}\mathrm{h}_{n}$ : $\hat{K}_{n}(X)arrow \mathcal{D}_{n}(X)$
kernel $KM_{n}(X)$ long exact sequence
. . . $arrow K_{n+1}(X)arrow\bigoplus_{p}H_{\mathrm{D}}^{2p-n-1}\rho(X,\mathbb{R}(p))arrow KM_{n}(X)arrow K_{n}(X)arrow\cdots$
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